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1 Introduction 

Algebraic curves find important applications in the theory of integrable systems P-ISI- They are 
particularly relevant |l]-[Zj in the study of the zero-dispersion limit of integrable systems and the 
analysis of Whitham equations. In |n]-[Zl Krichever formulated a general method to characterize 
dispersionless integrable systems underlying the deformations of algebraic curves in the Whitham 
averaging method. A different scheme to determine integrable deformations of algebraic curves C of 
the form 

N 

F{p, k) := p^ - 5^ uMp""-- = 0. (1) 

n=l 

was introduced in |H]-CI]- Here the coefficients (potentials) are assumed to be general polynomials 
in k. Our previous work focused on curves of degrees N = 2 and 3 and the aim of the present paper 
is to complete the analysis by considering the general case of algebraic curves of arbitrary degree A^. 
The method proposed in fH]-m applies for finding deformations C{x,t) of ([Q) such that the 
branches of the multiple-valued function p{k) = {pi{k), . . . ,p^{k)) determined by (Hj) obey an 
equation of the form 

N 

dtPr = a,(5^a,(A;,ii(A;))pf-^), a, G C[A;], (2) 

r=l 

where a^ are functions of k and u{k) = {ui{k), . . . , uj\f{k)). As a consequence of ^ the potentials u{k) 
satisfy an evolution equation of hydrodynamic type and the problem is to determine expressions for 
Or such that (J2]) is consistent with the polynomial dependence of u on the variable k. That is to say, 
a {di, . . . , (In) are the degrees of the polynomials {ui{k), . . . , UN{k)), then degree^dfUn) < dn must be 
satisfied for all n. At this point a Lenard relation allows us to formulate a sufficient condition for the 
consistency of (j21) in terms of a system of inequalities involving the degrees dn only. Thus we are led 
to the problem of determining the degrees satisfying the consistency condition {consistent degrees) 
for each N. In jH] it was found that for N = 2 the consistent degrees (^1,^2) are characterized by 
the inequality di < d2 + I ■ For A = 3 there is only a finite set of consistent degrees given by PTj 

(3) 

In the present work, we complete these results. Thus, it is first shown that for A = 4 the set of 
consistent degrees is 

(0,0,0,1) (0,0,1,0) (0,0,1,1) (0,1,0,0) 

(0,1,0,1) (0,1,1,0) (0,1,1,1) (0,1,1,2), ^ ^ 

and then it is proved that for A > 5 the consistent degrees (di, . . . , d^) are given by 

di = 0, z = 1,2, . . ., A- 3, dN-2, dN-i, dN <l. (5) 

We notice the fact that no compatible degrees di > 2 arise for A > 5, so that the degree A = 5 
represents a threshold for a change in the properties of algebraic curves. This feature is reminiscent 
of the statement of the classical Abel theorem [T2] . 
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By substituting the branches pi by their Laurent series in k into (j21), infinite series of conservation 
laws follow. It means that the deformations of (^ supplied by our method are integrable. In fact, the 
corresponding hydrodynamic systems satisfied by the potentials Un{k) represent the quasiclassical 
(dispersionless) limits of the standard integrable models arising from the compatibility between 
generalized (energy-dependent) spectral problems 



N 



ra=l 



and equations of the form 



N 



dtip 



y ar{k, x,t)d. 
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r=l 



The work is organized as follows. We first outline our method in Section 2. Then Section 3 
is devoted to determine and classify the curves (Q) which admit deformations consistent with the 
degrees of their potentials. Finally, in Section 4 we characterize the hydrodynamic type systems 
which govern these deformations. 



2 Deformations of algebraic curves 

In order to write equation © in terms of the potentials Un we introduce the power sums 

Vs = -{Pl + ---+P%), s>l. (8) 

s 

One can relate potentials and power sums through Newton recurrence formulas, the solution of which 

is given by Waring' s formula ^j 

(s) ^ 

n= V -iu, + --- + UNy, (9) 

l<i<s 

where the superscript (s) in the summation symbol indicates that only the terms of weight s are 
retained, with the weights being defined as 

N 

i=i 
Using these variables, equation can be rewritten as [TUl E] 

dtu = Joa, (11) 



where 



Jo = T V dx-V, u= {ui,U2,...un) , a= (aAr,aAr_i, 



ai 



/ 1 -U-i ■ ■ ■ -Un-1 \ / 1 Pi ■ ■ ■ pf ^ \ 



T :-- 



-Ui 

1 







-Un- 
-Un-2 



V :-- 



N-l 



1 P2 ■■■ P2 



\1 pn ■■■ P% ^ J 



The elements of Jo can be easily written in terms of the power sums as 
(Jo)ii = Nd^ 



■'x^ 



l-\ 



(Jo)ii = (^ - ^)Vi-xd:^ - ^Ui^iVi^idx - Nui-idcc, ii i^ 1, 



1=2 



(12) 
[Jo)ij = {i + j - 2)Vi+j-2dcc + (j - l)Vi+j-2,x 



i-l 



^ Ui-k [{k + j- 2)Vk+j-2dx + (j - l)Vk+j^2,x] , if i 7^ 1- 



k=l 

The problem now is to determine expressions for a (in pi|) ) depending on k and u, such that the 
flow (jlip is consistent with the polynomial dependence of u on the variable k. That is to say, if 
dn '■= degree{un) are the degrees of the coefficients Un as polynomials in k, then 

degree( Joa)„ < dn, n= 1,. . .N, 

must be satisfied. The strategy P- JI] for finding consistent deformations is to solve Lenard type 
relations 

Jor = 0, r:=(ri,...,r^)^, r, G C((A;)), (13) 

and take a := r_(_, where ( ■ )+ and ( • )_ indicate the parts of non-negative and negative powers in k, 
respectively. Now from the identity 

Joa = Jor+ = — Jor_, 

it is clear that a sufficient condition for the consistency of (jllll is that 

max {degree{Jo)nm} <dn + l, n= 1,...,N. (14) 

m=l,...,N 

This condition for consistency only depends on the curve (^ and does not refer to the particular 
solution of the Lenard relation 

In the subsequent discussion we will use an important result concerning the branches Pi{k): Let 
C((A)) denote the field of Laurent series in A with at most a finite number of terms with positive 
powers, then we have jEl ^] '■ 

Newton Theorem There exists a positive integer I such that the N branches 



p,iz) := (p,ik) (15) 

are elements ofC{{z)). Furthermore, if F[p,k) is irreducible as a polynomial over the field C{{k)) 
then Iq = N is the least permissible I and the branches Pj{z) can be labelled so that 

Pjiz) = PN{e^z), e := exp ( — 



Notation convention Henceforth, given an algebraic curve C we will denote by z the variable 
associated with the least positive integer Iq for which the substitution k = z''" implies pj G C((z)), Vj. 
We refer to Iq as the Newton exponent of C. 

It was proved in ^01-^3] that the solution of the Lenard relation Jqy = is given by 

r = TV„i?, R = Y,g,{z)p.,, W^R = (^^, . . . ,^) , (16) 

i=l ' 

with Qi G C((2;)). Tlie problem of choosing the functions gi such that R G C((/i;)) (and consequently 
r G C((A;))) was solved in [TT] by introducing the element a"o of the Galois group of the curve 



^o(Pj)(^) := Pj(eo 2^), eo •= ^^P ( ~ ) ' 



;i7) 



1,2,. ..,iV, 



Thus it is clear that the requirement of R E C((A;)) is equivalent to the invariance of R under ctq i.e. 

R{eoz,aop) = R{z,p). (18; 

The scheme now consists in using the Lagrange resolvents 

N 

A:=5^(6T>., 

to construct functions R satisfying (fTHj) and such that R G C{{k)). 

The case A^ = 3 was completely solved in JT]. There arise twelve possible choices Q which are 
classified in terms of o"o and Iq according to 

Table 1: Classification of Q according to ctq and Iq. 
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and the invariant functions R in (fTT)|) are given by 

/o = 3, R = zf,iz^)C, + z^f2{z^)C2 + fz{z^)C-i, 

/o = 2, R = f,iz^)iC, + £2) + zf,iz')iC, - C) + f,{z^)C, 



(20) 



/n 



R = f,{z)C^ + f2{z)C2 + fz{z)C^, 



with /i, /2 and /s being arbitrary analytic functions of k. 



3 Solutions of the consistency condition 

Let us first consider condition (|T^ for A^ = 4. Taking into account (|T^ we find that the elements of 
Jo are given by 

(Jo)ii = 4 5^, 

(Jo)l2 = Uid^ + Ulx, 

(-''0)13 = {uj + 2u2)d^ + {uj + 2m2)x, 
(^0)21 = -^uid^, 

(Jo)22 = '2U2dx + U2x, 

(^0)23 = (^^1^2 + 3143)9^; + 2{u2Uix + U3x), 

(^0)24 = {uj U2 + 2m^ + Ml M3 + 4iX4)(9^. + 3(M4a; + U2 tt2x + ^2 ^i Ui^ + % lii^.), 

(Jo)3i = -2u2dr,, 

(Jo)32 = 3% 9^ + U3x, 

(Jo)33 = (4^4 + UiU3)dx + 2{u4x + M3Wlx), 

(</o)34 = (^^1^4 + 2li2li3 + ^?M3)(5x + 3{u4Uix + U3U1U1X + UsU2x) , 

(^0)41 = -usdx, 

(^0)42 = 4«4 9^ + M4x, 

(^0)43 = Ui U4 dx + 2U4 Uix, 

(Jo)44 = {ulu4 + 2U2U4)dx + 3U4{UiUix + U2x) ■ 

Thus, the compatibility condition (fT^ reduces to 

di = 0, ^2 < 1, ds < 1, 

d4< d2 + 1, <i4 < ^3 + 1, 

which leads to the proposition 



Proposition 1. For N = 4 the degrees (rfi, (i2, c?3, ^4) satisfying the compatibility condition (fT^P are 

(0,0,0,1), (0,0,1,0), (0,0,1,1), (0,1,0,0), 

(21) 
(0,1,0,1), (0,1,1,0), (0,1,1,1), (0,1,1,2). 

In order to derive our general result for A^ > 5, we start by proving 

Proposition 2. For each N E N {N > 5) the degrees: 

di = 0, 1 = 1,2,. ..,N-3, dN-2, dN-i, dN = 0,l, (22) 

satisfy the compatibility condition (|i^| ). 

Proof. We extend recursively the definition of the weights pOj) by 

weight[{dluj) P(u, u^., ...)]= j + weight\P{u, u^., ...)], 

where P(u, u^,, . . .) denotes any differential polynomial in u. Taking into account Q and (fT^ . we 
find that the elements of Jq are weight homogeneous with respect to the scaling: 

{Ui,U2,...,Un) -^ {\Ui,\^U2,...,\^Un), 

and their weights are given by 

weight[{jQ)ik] = i + k — 2. 

For the case i + k < 2N — 2 we have weight[{Jo)ik] < 2N — 4 and, as a consequence, if the indexes 
{i, k) satisfy i + k < 2N — 2 then ( Jo)jfc does not involve neither terms of the form W'J^_2, "^aI-ij "^w*" ) 
w]v_2'^Ar-i) '^N-2'^N' '^N-i'^Ny Ji ^ ^ 1 J^o^ similar terms containing derivatives. Thus, 

degree[{Jo)ik] < max {[di, . . . , dN-3],dN-2 + [di, . . . , dNs], ^23) 

dN-i + [di, . . . , dN-s]; d^ + [di, . . . , dN-s]}, 

where [di, . . . , d^^s] stands for degrees of terms appearing in ( Jo)ifc which are linear combination of 
di,...,dN-3 with entire coefficients. 

Now we examine the remaining elements {Jo)ik, i-e. 

{i,k)e{{N-2,N),{N-l,N-l),{N-l,N),{N,N-2),{N,N-l),{N,N)}. 

• weight[{Jo) n~2,n] = 2N — 4:, so that {Jo)n-2,n niay contain terms of the form uj^_2, un-2Un-2,x 
and we have 

degree[{Jo)N-2,N] < 

max{ [di,. .., dN^s] , dN-2 + [di, . . . , dNs] , c?Af-i + [di, . . . , dNs] , (24) 

dj\f + [di, . . . , dj\fs], 2dj^_2}- 

7 



weightKJo) N^i^N~i] = 2A^ — 4. This weight allows the presence of terms such as u%_^2'^x and 
un-2Un-2,x, which arise multiplied by the coefficients: 

coeff[(2iV - 4)P2iv-45., u%_2d,] = N - 2, 

' N-2 if k=l. 



coeff[MAr_fc_i(iV + k- 3)VN+k-3dx, u%_29x] - 1 ii k 4 I 

^ COeff[(Jo)Ar_iAf_i, M^_24] = 0. 
COeff[(A^ - 2)V2N-4,x, UN-2UN-2x] = N -2, 



COeS[uN-k-liN -2)VN+k~3,x, Un-2UN-2x] = I 



N-2 if k=l, 
if A; ^ 1, 

=> COeff[(Jo)Ar_iAr_i, Un~2Un^2x] = 0. 

Thus, {Jo)n~in~i does not contain terms in 'U^_2, Un^2Un-2x and consequently 



degree[{jQ)N~2,N\ < 

max{[di, . . . , dN-z], dN-2 + [di, . . . , dNs], dN~i + [rfi, . . . , dn-^], (25) 

dN+ K,...,dAr_3]}. 

weight[{jQ)N-i,N] = 2N — 3. Terms of the form u%_2Ui, un-2Un-i, or similar terms containing 
derivatives may arise. A direct computation, similar to the one in the previous case proves that 
there are no terms u%_2Ui, uj^_2Ui^x, Un-2Un-2,xUi in {Jo)n-i,n-i- Then we have that 

degree[{Jo)N-i,N] < 

max{[di,...,dN-3], rfAr_2 + K, • • • , c^Af-a], (^Af-i + K, • • • , c^Af-s], (26) 

dN + [di, . . . , dN-s], dN-2 + dN-i}- 

weight[{Jo)]\f^j\f_2] = 2A^ — 4. A direct computation shows that there are no terms u1f_2, 
un-2Un-2,x in {Jo)n,n-2, so that 

degree[{Jo)N,N-2] < 

max{ [di,. .., dN-s] , dN-2 + [di, ■ ■ ■ , d^-s] , dN-i + [rfi , . . . , d^s] , (27) 

dj\f + [di, . . . , rfjv-3] } • 



• weight[{Jo)N,N-i] = 2A^ — 3. One can see that (Jo)n,n-i has no terms u%_2Ui, un-2Un-i or 
similar terms containing derivatives. Consequently 

degree[{Jo)N,N-2] < 

max{[di, . . . , cijv__3], (1^-2 + [di, . . . , rfjv.g], dN-i + [di, . . . , dN-3], (28) 

dj\f + [di, . . . , ^AT-a]}. 

• weight[{Jo)NN] = 2A^ — 2. This element may involve terms un-2Un, uj^_2xUn or U]^_2Unx- 
On the other hand, it can be checked, as in the previous cases, that terms u'j^_2U2, u'j^_2ul, 
UN-2UN-1U1, u%_i or similar ones containing derivatives cannot arise. Consequently 

degree[{Jo)N,N^2] < 

max{ [di,..., dN-s] , dN-2 + [di, . . . , d^-s] , (ijv-i + K , . . . , d^-s] , (29) 

dN + [di, . . . , dN-s], dN-2 + dN}- 

In summary, by taking into account (| ^ - (j^ . we conclude that (fT^ is satisfied provided that 

[di,..., dN-s] < 1, 2rf7v_2 < dN-2 + 1, 

dN-2 + [dl, ■ ■ ■ , dN-3] < 1, dN-2 + dN-1 < dN-1 + 1, 

(30) 

dN-1 + [dl, . . . , dN-3] < 1, dN-2 + dN < dN + 1- 

dN + [di,...,dN-3] < 1, 
Thus, any choice of the degrees verifying 

dj = 0, z = 1,2,. . ., A^- 3, dN-2,dN-i,dN <l 

satisfies (jHUj) and in consequence it verifies (fT^ . 

D 

We next show that (J22|) constitutes the complete set of degrees satisfying |T4J) . 

Proposition 3. For each N E N {N > 5) the compatibility condition ^14]) implies 

di = 0, i = 1,2,. . .,N -3, dN-2, dN-i, dN <l. 

Proof. The cases N even or odd must be considered separately. Suppose first that A^ = 2M with 
M e N (M > 3). From ^ we have that 

iJo)l2M = (2M - 1)V2M-A + (2M - 1)V2M-1,.. 



Thus, it is clear that (Jo)i2M contains terms in 

ul'^-'d^, uy,^'-'^-%, j=2,...,M-l, 

U2M-ldx, U2M-2UA, 

and consequently, the condition (fT^ with n = 1 implies that 

(2M - l)di < di + I, 2dj + {2M - 2j - l)di < di + 1, j = 2,...,M-1, 

d2M~i <di + l, d2M^2 + di < di + 1, 
or equivalently 

dj=0, J = 1,2,...,M-1, d2M-2,d2M-l<l. (31) 

By taking now i = 21, j = 2M {I < M) in ^^ we have that 

{Jo)2l2M = 2{l + M-l)V2il+M-l)d. + {2M-l)V2il+M-l),x 

21-1 

- Y, ^2l-k [{k + 2M- 2)Vk+2M-2d, + (2M - l)Vk+2M-2,x] . 
k=l 

Then, we have that (Jo)2 2M contains a term U2Mdx so that 

d2M <d2 + l. 

Since according to (jHlj) (M > 3) c/2 = 0, we have that 

d2M < 1. (32) 

On the other hand, we also see that {Jq)212M contains a term u^j^j^,^_^dx- Hence, the condition (fT^ 
with n = 21 implies 

2rfi+Af-i < rfai + 1, for each / < M. (33) 

Now from (jH^ we deduce: 

• By setting / = 1 in (jH^ . we get 2dM < c^2 + 1, but (^2 = so that du = 0. Thus, 

M>3 ^ dj = 0, j = 1,2,...,M. 

• Suppose that M > 4, and put / = 2 into (jH^ . then we have that 2dM+i < (^4 + 1. But under 
our hypothesis ^4 = 0, so that 

M >4: ^dj = 0, j = 1, 2, . . . , M + 1. 

• Suppose that M > 5, and put / = 3 into (|HH|) . then 2dM+2 < dQ + 1. Again, under our actual 
hypothesis rfe = 0, we have that 

M > 5 ^ dj = 0, j = 1, 2, . . . , M + 2. 
10 



Let us now use induction to prove 

M > fc + 3 => dj = 0, j = 1,2,...,M + k. (34) 

We have already proved (|!M|) for A; = 1, 2. Assume that it holds for k < ko — l and let us check it for 
k = /cq: 

Take M > ko + 3, and put / = /cq + 1 in (jH^ . then we have that 

'^dM+ko < d2ko+2 + 1- 

As 2/co + 2<M + fco — lit follows that o?2fco+2 = 0, so that du+ko = which proves (J3l|l . 
Finally, for a given M, take k = M — 3, then 

rf^. = 0, j = l,2,...,2M-3. 

Hence, by taking ^T\ and (jH^ into account, we have proved that (fT^ implies 

dj = 0, j = 1, 2, . . . , 2M - 3, (i2A4'-2, d2AI-l, d2M < 1. 

We consider now the case A^ = 2M + 1 with M G N (M > 2). From ^ 

iJo)l2M+l = 2MV2Md., + 2MV2M,x- 

Consequently {Jo)i2M+i contains terms in 

uf'^'d^, u'^jul^^~'^^d^, j = 2,...,M, U2Mdx, U2M-iUidx, 
and the condition (fT^ with n = 1 implies that 

2Mdi < rfi + 1, 2dj + (2M ~ 2j)di < rfi + 1, j = 2,...,M, 

d2M < di + I, d2M~i + di < di + 1, 

or equivalently 

dj = 0, j = 1, 2, . . . , M, d2M-i, d2M < 1- (35) 

On the other hand, by setting i = 21 + 1, j = 2M + 1 (/ < M) in ^ we have that 

iJo)2l+12M+l = 2{l + M)V2{l+M)dx + 2MV2(l+M),x 

21 



J2 ^2/+l-fc [{k + 2M- l)Vk+2M-ldx + 2MVk+2M-lA ■ 



k=l 



Thus, {Jo)2i+i2M+i contains the term u\f^idx, so that the condition (fT^ with n = 21 + 1 implies 

2dM+i < d2i+i + 1. (36) 

By putting / = 1,2,3 in (j36j) it follows 



11 



• For / = 1 we have that 2dM+i < c^s + 1. Thus, 

M>3^dj = 0, j = 1,2,...,M + 1. 

• For / = 2 it follows that 2dM+2 < c^5 + 1- Consequently 

M>4:^dj = 0, J = 1,2,...,M + 2. 

• For I = 3 the inequality (jHBj) reads 2dM+3 < dj + 1 so that 

M >5 ^ dj = 0, j = 1, 2, . . . , M + 3. 

Let us now use induction to show that 

M>k + 2 => dj = 0, j = 1, 2, . . . , M + fc. (37) 

We have proved (jTfj) for k = 1,2,3. Suppose that it holds ioi k < ko — 1 and let us check it for 
k = /cq. Take M > ko + 2 and I = ko in (I36|) . we find 

'^dM+ko < d2ko+i + 1- 

But 2kQ + 1 < M + ki) — 1, then rf2feo+i = O5 du+ko = and (jTfjl follows. Thus, for a given M, if we 
take k = M — 2 we have that 

dj = 0, j = l,2,...,2M-2. (38) 

Finally, from the expression 

(^0)22M+l = {2M + 1)V2M+A + 2MV2M+I,. 

-ui [2MV2kA + 2MP2A^,J , 

we have that (fT^ implies d2M+i < c?2 + 1, and consequently d2M+i < 1- This fact, together with 
dnSD and (jSHl) lead us to 

dj = 0, j = 1, 2, . . . , 2M - 2, d2M-i, d2M, c?2M+i < 1- 

D 

From propositions 2 and 3 it follows that 

Theorem 

For each N E N {N > 5) the degrees {di, . . . , d^) satisfy the compatibility condition [T^ if and 
only if 

di = 0, i = 1,2,. . .,N -3, dN-2, dN-i, dN <1. (39) 
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4 Hierarchies of consistent deformations 

Our next task is to classify all the compatible cases in terms of the corresponding Newton exponent 
and the element ctq (fTTjl of the Galois group of the curve. 

We start by considering the case A^ > 5. In order to find Iq and (Tq for each one of the seven 
nontrivial choices ()39|) . we study the asymptotic behavior of the A^ branches pi, i = 1,2, . . . , N as 
k —>■ CO. By writing the potentials as 





dn 

Un = / ^ UnjK 
j=0 


we have: 




• (0,.. 


. , 0, 0, 0, 1). In this case (P) can be written as 




k- ^ (p^^ i^zoP^-' 



1=1 

so that 

p^^UNik as A; ^ oo, j = l,2,...,N. 

Consequently, pj G C((A;'iv')), j = 1, 2, . . . , A^ and 

, Ar ^ I Pi P2 ■■■ Pn~i Pn 



P2 P3 ■ ■ ■ Pn Pi 
(0, . . . , 0, 0, 1, 0). Now, dH) takes the form 

N 



k 



1 / "" 

I N-1 \~^ ]•■ 



^N^ll \ t" T P 

Thus, the roots satisfy 

pf~^ ^ UN^iik as k —> oo, j = 1,2, . . . , N — 1, 

UNO 1 , 

Pn ~ T ^^ ^ ~^ ^^' 

Un~ii k 

and we find 

' Pi P2 ■■■ Pn-1 Pn 



lo = N-l, ao . 

P2 P3 ■■■ Pi Pn 



(0, . . . , 0, 0, 1, 1). From Q we can write 



N-l 



f^ = Yl ^ip' + 



C-l 



.^^ un-iiP + uni 



13 



for certain coefficients Cj, j = — 1,0,1, ..., N — 1. Hence 

jof"^ k as k^oo, j = 1,2, . . . ,N - 1, 

Uni , C_i 1 
Un-11 UN-llk 

so that 

' Pi P2 ■■■ Pn-1 Pn 



lo = N-l, ao , 

P2 P3 ■■■ Pi Pn 

(0, . . . , 0, 1, 0, 0). The equation (|T)) of the curve imphes 

7 J- f N-2 V^ N-l-2 I '"A^-IO , UNO 
k = \p - } Uiop H \ - 

un-21 \ fr^ p p^ 

Then 



pf~^ ^ U]\f_2ik as k —> oo, j = 1,2, . . . , N - 2, 

2 ^^"0 1 , ■ AT T AT 

p, ~ — as k ^ oo, J = Jy — 1, l\. 

UN -21 k 

Thus, the corresponding Galois group element is given by 

Pi P2 ■■■ PN-2 Pn-1 Pn 



° \P2 P3 ■■■ Pi PN PN-1 

and the Newton exponent is 

{A^-2 if A^ is even, 
2(iV-2) if N is odd. 
(0, ...,0,1,1,0). From (P) we have 

N-2 ^ ^ 

^ ' P-hi p 

for certain coefficients Cj, j = 0, 1, . . . , A^ — 2, hi and dk, k = 1,2. The branches satisfy 

pf-2 k as k-^oo, j = 1,2,...,N -2, 

Pn-1 ^ bi + —- as k —^ oo, 
k 

d2 , 

Pn ^ -r as k —^ cxd 
A; 
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so that 

' Pi P2 ■■■ PN-2 Pn-1 Pn 



N-2, (To . 

P2 P3 ■■■ Pi Pn-1 Pn 

(0, . . . , 0, 1, 0, 1) and (0, . . . , 0, 1, 1, 1). In these cases (JH) imphes 

N-2 ^ ^ 

^=yi ^jp^ + — IT + — V' 

^ p-h p-b2 

for certain coefficients Cj, bk, dk, j = 0,1, . . . ,N — 2; k = 1,2. Therefore 

pf~^ k as k^oo, J = 1,2,...,N -2, 



so that 



Pn-1 ^ bi + —- as k ^ oo, 
k 

Pn ^ b2 + -r as fc — > oo, 
k 



k = N-2, ao={ P' P' ■•■ ^^-^ ^^-^ ^^ 

P2 P3 ■■■ Pi Pn-1 Pn 
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These results are summarized in the following table 



Table 2: Classification of (j39|) according to ctq and Iq 



c^o 



/n 



{di, . . . , (In) 



Pi P2 

P2 P3 



Pn~i Pn 
Pn Pi 



N 



(0, 



0,0,0,1: 



Pi P2 
P2 P3 



Pn-1 Pn 
Pi Pn 



N 



(0, 
(0, 



,0,0,1,0) 
,0,0,1,1) 



Pi • • • Pn-2 Pn-1 Pn 
P2 ■■■ Pi Pn-1 Pn 



N -2 



(0, 
(0, 
(0, 



,0,1,1,0) 
,0,1,1,1) 
,0,1,0,1) 



(pi ... Pn-2 Pn-1 Pn 
\P2 ■■■ Pi Pn Pn-u 



N -2 UN even 

2(A^ - 2) if TV odd 



(0, 



0,1,0,0) 



We end this section by completing the previous table for A^ = 4. Only the special set of degrees 
(0, 1, 1, 2) remains to be analyzed. The corresponding branches can be expanded as 



where 



Q-iO 



ai-1 



,1 O-i-l 

Pi = ank^ + Oio H — + 

k-2 



an uio + U31 



1,2,3,4, 



4af^-2u2i 



1 



«u (6«?o + I6U20) 



Sail {2a^i -U2iy 

+afi (-5wioM2i + 4mioM3i + 16 {-U20U21 +M41)) 

—2a}^ [ — 2U20u\i + 3MioM21'U31 + W31 + 8'U2l'U4l) 
+U21 (-M31 +4u2lM4l) 



and an., i = 1, 2, 3, 4 are the solutions of the equation: 

a^ — U2ia\ — U42 = 0. 
By labeling its solutions so that 021 = — ^n, a^i = —031, we obtain 

P2iz) =Pii-z), piiz) =p3{-z), k = z^. 
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Thus it follows that 



^0 = 2, (Jo 



Pi P2 P3 Pa 
P2 Pi Pa P3 



Therefore, the table for A^ = 4 is 

Table 3: Classification of (@)) according to ctq and Iq. 



O-Q 


k 


(di, d2, ds, di) 


f Pi P2 
V P2 P3 


P3 
Pi 


Pa\ 

Pi ) 


4 


(0,0,0,1) 


( Pi P2 
\ P2 P3 


P3 
Pi 


Pi\ 

Pi ) 


3 


(0,0,1,0) 
(0,0,1,1) 


f Pi P2 
V P2 Pi 


P3 
P3 


Pi\ 
Pi ) 


2 


(0,1,1,0) 
(0,1,1,1) 
(0,1,0,1) 


( Pi P2 
\ P2 Pi 


P3 
Pi 


Pi\ 
P3 ) 


2 


(0,1,0,0) 
(0,1,1,2) 



Let us now turn our attention to the problem of obtaining the hierarchy of integrable deformations 
flllj) . It is required to determine the function R of the form ()16|) satisfying the invariance condition 
(J18j) . In view of (jl8|) we discuss the different cases according to the corresponding element ctq of the 
Galois group of the curve. 



CTO 



Pi P2 
P2 P3 



Pn-1 Pn 
Pn Pi 



From the tables 1, 2 and 3 we have that Iq = N, {eo = e = e~N~). For A^ > 4 the only choice 



N 



of degrees corresponding to gq is (0, . . . , 0, 0, 0, 1). We look for functions Rk = ^j=i djPj such that 



ao{Rk) = Cq Rk, A; = 0, 1, . . . , A^ — 1. It is easy to check that 



N 



0=2 



SO that the condition ao{Rk) = Cq -^fc implies that 



N—k 
Oij-1 = Co «i> 



j = 2,...N-l,N- 



N—k 
dN = ^0 ^1- 



This system admits the nontrival solutions 



Uj — Eq 



(N-k){N-j) _Jk^ 



17 



Thus the functions R of the form ()16p which satisfy (fTHj) can be written as 

N-l N 

R=J2z'Mz^)J2^i'Pv (40) 



k=0 j=l 



with fk e C{{z^)), k = 0,1, . . . ,N — 1. Taking into account that eo = e and recalhng (fT^ . we see 
that the functions R can also be written in terms of the Lagrange resolvents as 



N-l 



R = Mz'')Cn + J2 z'fk{z'')C,, 



k=l 



which coincides with the first equation for A^ = 3 in ()20j). 
Pi • • • Pn-2 Pn-1 Pn 



^'^ ' P2 ■■■ Pn-1 Pi Pn 

The corresponding Newton exponent is Iq = N ~ 1 (eo = e^-i) and for A^ > 4 the degrees of 
the potentials are (0, . . . , 0, 0, 1, 0) and (0, . . . , 0, 0, 1, 1). In this case we have that cro{pN) = Pn, or 
equivalently p^ G C((A;)). Moreover, we need A^ — 1 additional functions R verifying the invariance 
condition ()18p. Proceeding as in the previous case we look for functions of the form 

N-l 

i?^ = ^ ajpj, such that ao{Rk) = t'^'^~''Rk, k = 0,1, . . . ,N -2. 
Since the action of ctq on the function R^ is given by 

N-l 

ao{Rk) = aNPi + ^ c^j-iPj, 

the condition ao{Rk) = e^^^^'^Rk leads to 

a,-_i = e^-^-'=a,-, 3 = N - l,N -2 . . . ,2 

N—l—k 
OiN-1 = Cq C^l' 

SO that a, = e^^-'-'^^'^-'-'^ar, = e^'a^, and 

7V-2 N-l 

R=Y, z'fkiz''-') Y. ^oS + /7v-i(^^"^K. (41) 

fc=0 j=l 

Example For A^ = 4 

R = fo{z^){Pi+P2+P3) + zfi{z^){e^pi + e^p2+P3) 

+z^f2iz^)ie^Pi + e^p2+P3) + h{z'^)Pi- 



Pi ... Pn-2 Pn-1 Pn 

P2 ■■■ Pi Pn-1 Pn 



2tti 



In this case aQ, Iq = N — 2, (eg = e^-^). For A^ > 4 it corresponds to the sets of degrees 
(0, . . . , 0, 1, 0, 1), (0, . . . , 0, 1, 1, 0) and (0, . . . , 0, 1, 1, 1) . Notice that p^v-i, Pn e C((fc)). Let us look 
for functions 

N-2 

Rk = ^ OijPj-, verifying cro(i?fc) = eQ~^~''Rk, k = 0,1, . . . , N - 3. 

We find that 

a,„i = e^-^-'^a,, j = N - 2, N ~ 3 . . . ,2 

N^2~k^ 

then a, = ef-'-'^^^'-'-^^a,,^, = ef a^_2, and 

N-3 N-2 

R=Y, Z'MZ''-') J2 4'P. + fN-2{z''-')pN-l + fN-l{z''-')pN. (42) 

A;=0 i=l 

Pi ... pn~2 Pn~i Pn 
P2 ■■■ Pi Pn Pn~i 

This element corresponds to the sets of degrees (0, . . . , 0, 1, 0, 0) and, in the particular case A^ = 4, 
to the special choice (0,1,1,2) too. From the discussion in Section 3 it follows that the Newton 
exponent of ctq depends on whether A^ is even or odd. 

* iV even: Iq = N — 2 (eo = e^^^^). It is easy to see that joat^i+Pat G C{{k)) and cro(— Pa^-i+Pa?) = 
~{~Pn-i + Pn)- On the other hand since o"o acts on pj, j = 1,2, ... ,N — 2 and eo coincides 
with the previous one, we have again that 

N-2 

Rk = Y.^o'Pj, k = 0,l,...,N-3, 
i=i 

satisfy ao{Rk) = €Q~'^~^Rk. Thus R is now given by 

N-3 N~2 

R=Y1 ^"U^""'") E ^o'P. + z"^ h-2{z^-'){pN-l - PN-l) 
k=0 j=l 

+ h-l{z''-^){pN-l+PN). 

Example For A^ = 4 

R = fo{z'){Pl+P2) + ZMZ^){-Pi+P2) + Zf2{z^){-P3+P4) + h{z^){P3 + Pa)- 
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(43) 



A^ odd: Iq = 2{N — 2) (eo = C^-^). Again in this case pat-i+pat G C((A;)) and ao(— Ptv-i+Pat) 



^^r-2 



— {—PN-i + Pn)- Moreover, if we look for functions Rk = X]j=i '^jPj such that 

croiRk) = e^^^-'-'^i?fc, A; = 0, . . . , A^ - 3, 

by proceeding as in the previous cases, we find that aj = €q aN-2 = ^q 07V-2, so 

that 

N-3 N-2 

k=0 j=l 

(44) 

Example For A^ = 5 

R = foiz^)iPi+P2+P3) + z'^fiiz^)ie^pi + e^p2+P3) 

+z l2[z^)[e i pi + e i P2+P3) 

+2;3/3(^')(-P4 +P5) + U{z^){Pa + P5)- 

Thus, the integrable deformations (jllj) . (J16p are determined by the expressions of R in (J4(J|) . (j4ip . 
(ji^ . (PH|) or (jii|) depending on ctq and the Newton exponent Iq. 
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